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Chapter 13: Outline



Laplace transforms 



Laplace Transform

l s-domain phasor analysis:

l Laplace transform:
)cos()( xttemXtx φ+ωσ= xmXX φ∠=

+≤≤−∞<∞ −=

∞ −≡=

∫ +

∫ −

00,)( if   )(

)()]([L)(

ttfdtstetf

dtstetftfsF

o

o



Laplace Transform (Three conditions)

l Unilateral (one-sided Laplace transform): Laplace
transform holds for t=0. Previous effects are 
included in the initial conditions at t=0-.

l Existence condition: 
l The resulting transform is a function of s.
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One-Sided Waveform
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Sufficient Existence Condition
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Inverse Laplace Transform

l Inverse Laplace transform for t=0:

l Inverse Laplace transform is usually done by partial 
fraction expansion (will be covered in section 13.2).
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Example 13.1
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Example 13.1



Example 13.2
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Transform Properties

– Linear combination:
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Transform Properties

– Multiplication by e-at:
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Transform Properties

– Multiplication by t:
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Transform Properties

– Time delay:
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Transform Properties

– Differentiation:
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Transform Properties

– Integration:
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Example 13.3
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Example 13.4
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Table 13.1



Table 13.2



Solving Differential Equations
– The transformation automatically incorporates 

the initial conditions (zero-input response).
– Transformation converts linear differential 

equations to s-domain algebraic equations.
– Transformation is similar to the s-domain 

phasor analysis. Denominator of the s-domain 
function includes the characteristic polynomial.

– Inverse transformation is required to obtain the 
resultant time domain function.



First-Order Example
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Second-Order Example
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Second Order Example (Cont.)
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Transform Inversion



Partial-Fraction Expansion

l Partial-fraction expansion of a strictly proper 
rational function:
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l Three cases will be considered: distinct real 
poles, complex poles and repeated poles.



Case 1: Distinct Real Poles 

l (Heaviside's theorem, cover-up rule.)
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Example 13.5: Inversion of a Third-Order 
Function (Heaviside’s theorem)
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Example 13.5: (Method of Undetermined 
Coefficients)
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Case 2: Complex Poles 
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Case 2: Complex Poles (Cont.)
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Example 13.6: Inversion with Complex Poles
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Example 13.6: (Cont., method of 
undetermined coefficients)
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Case 3: Repeated Poles
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Case 3: Repeated Poles (Cont.)
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Example 13.7: Inversion with a Triple Pole
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Time Delay
Initial-Value Theorem
Final-Value Theorem



Time Delay
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Example 13.8: Inversion with Time Delay
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Initial-Value Theorem
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Initial-Value Theorem (Cont.)
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Initial-Value Theorem (Cont.)
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Initial Slope
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Final-Value Theorem
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Example 13.9: Calculating Initial and 
Final Values
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Example 13.9: (Cont.)
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Transform circuit analysis



Transform Circuit Analysis

l Given a circuit with some initial state at  t=0-

and an excitation x(t) starting at t=0, find the 
resulting behavior of any voltage or current  y(t) 
for t=0.

l Zero-state response, natural response, forced 
response, zero-input response and complete 
response.



Zero-State Response
l Zero-state response: a circuit with no stored energy at t=0-.
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Zero-State Response
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Step Response 
(zero initial state, by definition)
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Example 13.10: Step Response
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Example 13.10: (Cont.)
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Zero-state AC response
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Example 13.11: Zero-State AC 
Response (from Fig. 13.9)
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Example 13.11: (Cont.)
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Natural Response and Forced Response
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Natural Response and Forced Response
(Cont.)
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Zero-Input Response

l The excitation equals zero for t=0 but the 
circuit contains stored energy at t=0-. 

l Thévenin/Norton equivalent circuits can be 
established.



Zero-Input Response (Cont.)
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Zero-Input Response (Cont.)
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Example 13.12: Calculating a Zero-
Input Response
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Example 13.12: (Cont.)
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Complete Response

l Complete response: complete 
response=zero-input response + zero-
state response (with fictitious sources)



Example 13.13: Calculating a 
Complete Response
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Example 13.13: (Cont.)
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Chapter 13: Problem Set

l 6, 10, 16, 21, 25, 28, 31, 35, 38, 42, 46, 51, 57, 
58, 63, 65


